Abstract Heavy-light QCD currents are matched with HQET currents at two loops and leading order in 1/m. A single formula applies to all current matchings. As a by-product, a master formula for the two-loop anomalous dimension of the QCD currentqγ [µ 1 . . . γ µn] q is obtained, yielding a new result for the tensor current. The dependence of matching coefficients on γ 5 prescriptions is elucidated. Ratios of QCD matrix elements are obtained, independently of the three-loop anomalous dimension of HQET currents. The two-loop , gives reasonable approximations to exact two-loop results. All-order results for anomalous dimensions and matching coefficients are obtained at large β 0 = 11 − 2 3 N l . Consistent cancellation between infrared-and ultraviolet-renormalon ambiguities is demonstrated.
Introduction
QCD problems with a single heavy quark staying approximately at rest are conveniently described by an effective field theory-HQET [1, 2] (see [3] for review and references). QCD operators are expanded, in powers of 1/m, in terms of HQET operators, m being the on-shell heavy-quark mass. In this paper we study, at the two-loop level, the relation between currents in the full theory and the effective theory.
Specifically, we consider heavy-light bilinear currents, J 0 =q 0 ΓQ 0 , where Γ is a Dirac matrix and the subscript 0 denotes an unrenormalized quantity. The MS-renormalized QCD current, J(µ) = Z J (µ)J 0 is the corresponding renormalized HQET current,J 0 =q 0 ΓQ 0 is the unrenormalized HQET current,Q 0 is a two-component static-quark field, satisfying γ 0Q0 =Q 0 , andÕ i (µ) are dimension-4 HQET operators, with appropriate quantum numbers. The meaning of the operator equality (1.1) is that on-shell matrix elements of J(µ), in situations amenable to HQET treatment, after expansion to a given order in 1/m, coincide with on-shell matrix elements of the right-hand side.
A single dimension-3 term appears on the right-hand side of (1.1) if the Dirac matrix Γ satisfies the conditions γ 0 Γ = σΓγ 0 (σ = ±1), γ µ Γγ µ = 2σhΓ , (
where h is a function of the space-time dimension, d = 4 − 2ε. For an antisymmetrized product of n γ-matrices, Γ = γ [µ 1 . . . γ µn] , one obtains h = η(n−2+ε), with η = −σ(−1) n .
It is natural to perform the matching at a scale µ ∼ m, where the matching coefficient C Γ (µ) contains no large logarithm. One can then use the renormalization group to relate QCD and HQET currents renormalized at arbitrary scales, µ andμ: The matching coefficient C Γ (µ), for any Γ of the form (1.2), was obtained at the one-loop level by Eichten and Hill [1] . The 1/m suppressed matching coefficients B i (µ) in (1.1) were obtained for vector and axial currents, at one loop, in [4, 5] . Here we shall find the two-loop correction to the leading matching coefficient C Γ (µ). It is required for a more accurate extraction of QCD matrix elements, such as f B and f B * , from HQET results obtained, for example, from lattice simulations or sum rules.
As can be seen from (1.3), it is in general necessary to use three-loop anomalous dimensions, γ J andγ J , in conjunction with a two-loop matching coefficient, C Γ (m). Whilst some QCD anomalous dimensions are known at the three-loop level, the universal HQET current anomalous dimension,γ J , is currently known only at the one- [6, 7] and twoloop [8, 9, 10] levels. There are, however, three cogent reasons for calculating C Γ (m) to two loops. First, previous experience [11, 12] strongly suggests that two-loop finite effects dominate, numerically, over three-loop anomalous dimensions, near a heavy-quark massshell. Secondly, the HQET anomalous dimension is independent of the Dirac structure Γ and hence is absent from important ratios of physical quantities, such as f B * /f B . Finally, the three-loop term inγ J may be calculated in future.
Motivated by these considerations, we here compute C Γ (m), to two loops, for an arbitrary Dirac structure of the form (1.2). Section 2 gives our method and general result, for any Γ. In Section 3 we consider ratios of matching coefficients. After elucidating the dependence on γ 5 prescriptions, we show that the two-loop correction to f B * /f B , at zeroth order in 1/m, is comparable in size to each of the effects previously computed, namely the one-loop correction of [1] and the O(1/m) correction of [13, 14] . In Section 4, we calculate anomalous dimensions and matching coefficients to all orders in α s , in the limit of a large number of flavours, N f . We extend recent analyses [15, 16, 17] by obtaining the MS matching coefficient for an arbitrary Γ in this limit, confirming the cancellation of renormalon ambiguities in physical matrix elements [17] and validating an additional consistency condition. Section 5 gives a summary of our main results.
Two-loop matching calculation
The bare proper vertices, Γ 0 andΓ 0 in (1.4), may be evaluated at any on-shell momenta of the light and heavy quarks. The calculation is greatly simplified by choosing the momentum of each quark to vanish in HQET. This corresponds to a heavy-quark momentum p = mv in QCD, where v = (1, 0) in the heavy-quark rest frame. One-and two-loop diagrams for the vertex are presented in Fig. 1 .
In the quark loop of diagram 1b we include N f = N l + 1 quark flavours, one of which is the external heavy flavour, whilst the remaining N l light flavours of quark have masses m i < m, any of which may be zero. In the case of an external b quark, N f = 4 + 1 = 5 and only the mass ratio m c /m b ∼ 0.3 is significantly greater than zero.
We stress that the loop containing the external heavy-quark flavour, with mass m i = m, must be included in all 6 terms on the right-hand side of (1.4) . This loop is certainly present in the QCD terms and we must therefore include it the HQET terms, as well. The HQET modification of QCD propagators occurs only along a single heavy-quark line, going through all diagrams; HQET is blind to the contents of loops. In effect, HQET has Figure 1 : One-and two-loop diagrams for the proper vertex no memory that the static-quark line had one of the massive flavours that still occur in loop corrections. Just as in conventional QCD, heavy loops decouple from physical quantities, at low momenta; not from renormalization constants, or bare vertices. We shall demonstrate the physical decoupling of the t-quark loop from f B * /f B and show that the contribution of the b-quark loop is considerably less than that of a light-quark loop.
We proceed to analyze, in turn, the 3 HQET quantities and 3 QCD quantities on the right-hand side of (1.4).
HQET calculation
Here we deal with the HQET quantitiesΓ 0 ,Z J , andZ os Q . In the case of the HQET proper vertex,Γ 0 , all the dimensionally regularized diagrams of Fig. 1 vanish, for external quarks with zero residual momenta. This is immediately obvious for all except diagram 1b, with a massive-quark loop, since no other diagram contains a scale. In fact, this diagram vanishes too, because the gluon propagator contains a quark-loop insertion and is hence transverse, i. e. proportional to (g µν − k µ k ν /k 2 ). This tensor is contracted with v ν , from the heavy-quark vertex, and with k /γ µ /k 2 , from the light-quark vertex, γ µ , adjacent to an internal light-quark propagator, k //k 2 , with the same momentum as the gluon. The resulting contraction gives − γ · kγ 0 /k 2 , which is odd under reflection of the spatial momentum k and hence vanishes when integrated over the loop momentum k. ThusΓ 0 = Γ B , where Γ B =ū q Γu Q is merely the Born term.
The HQET current renormalizationZ J does not depend on Γ. In the MS scheme, at two loops, it is fully determined by the anomalous dimension [8, 9, 10] :
where C A = 3, C F = 4/3, T F = 1/2, in the case of QCD, and we omit α 3 s terms, here and subsequently, without further comment.
The HQET on-shell wave-function renormalization constant is defined byZ
whereΣ 0 (ω) is the bare static-quark self-energy, at residual energy ω. As in the case of the vertex, only diagrams containing a loop with a quark of non-zero mass can contribute, since no other diagram contains a scale. Thus we obtain
gives the contribution of quark loops to the polarization operator, whose trace depends only on k 2 . We now average over all directions of k, in d-dimensional space, obtaining < k 2 /(vk) 2 > = 2−d. A dimensionally regularized result is then readily obtained from two-loop massive bubble integrals [11] , which give
3)
whose Laurent expansion yields the on-shell wave-function renormalization constant
(2.4) We note that (2.4) exhibits non-uniformity as m i → 0: quarks with masses m i > 0 are to be included; any quark with m i = 0 is excluded, by dimensional regularization. This nonuniformity has the same infrared origin as that observed in on-shell QCD wave-function renormalization [12] , to which we now turn.
QCD calculation
For continuity, we deal with the QCD quantities, Γ 0 , Z J , and Z os Q , in reverse order. A gauge-invariant on-shell wave-function renormalization constant, Z os Q , was obtained in d dimensions, at the two-loop level, in [12] . A quark flavour with a small but nonzero mass gives a contribution to Z os Q different from that of a zero-mass flavour. The same is seen to be true forZ os Q in (2.4). Each discontinuity originates from the infrared region of small gluon momenta, where HQET does not differ from QCD. Therefore these discontinuities should cancel in the ratio Z os Q /Z os Q , which we indeed find to have a smooth limit, as m i → 0. This uniformity provides a strong check of the massless and massive quark-loop contributions to Z os Q , obtained in [12] . The ratio
may be expressed as an integral of the difference, Π (−m 2 i /k 2 ), between the polarization operator with a quark of mass m i in the loop and that with a massless quark. This difference contains neither ultraviolet nor infrared divergences. The integral over the gluon momentum k is likewise well-behaved, and may be performed in 4 dimensions. As is the case for all two-scale calculations in this paper, the result may be expressed as a combination of three basic dilogarithmic integrals, defined and evaluated in Appendix A. Combining Z os Q , from [12] , withZ os Q , from (2.4), we obtain
The QCD current renormalization constants Z J are known to two loops for some, but not all, of the currents that we study. We shall simply apply a minimal Ansatz for Z J and extract its coefficients from the requirement of finiteness of (1.4), checking our resultant master formula for γ J against known special cases.
The most difficult part of the problem is the calculation of the bare QCD proper vertex, Γ 0 . We shall first find it in the case when all light flavours are massless, and include later the effects of finite light-quark masses. Since we calculate the bare vertex on the renormalized mass-shell, p = mv, it is convenient to express the result in terms of the on-shell mass m, treating the one-loop d-dimensional counterterm, ∆m = m − m 0 , as a perturbation.
Initially, we make no assumption about the properties of the matrix Γ, and note that each two-loop diagram for Γ 0 may be written as a sum of terms, each of the form
where I is some integral over loop momenta, l is even, and l+r ≤ 8. After the integration, I µ 1 ...µ l ;ν 1 ...νr can contain only g µν and v α . Resulting contractions of pairs of γ-matrices on the left, and of pairs on the right, merely produce additional terms of the form (2.7), with smaller values of l + r. Before performing the remaining contractions, one may anticommute γ-matrices, so as to arrange that v / occurs only on the extreme left, or the extreme right, with the contracted indices in between occurring in opposite orders on the left and right of Γ. Additional terms, arising from anticommutators, have fewer γ-matrices, with l remaining even. Repeating this procedure for all values of l + r, from 8 down to 0, we may cast any diagram in the form
Now we assume that the matrix Γ has the properties (1.2). The effect of each contraction is then to produce a factor 2σh. Terms with an odd number of contractions necessarily contain v / on the left, which yields an extra σ when moved to the right, where it merely gives v /u Q = u Q . Thus we obtain a result involving only powers of h:
We can find the coefficients x 0 + x 1 , x 2 + x 3 , x 4 + x 5 , x 6 + x 7 , x 8 , for each diagram, by taking, separately, a trace of the γ-matrices on the light-quark line with L i , and a trace on the heavy-quark line with H i , using the following 5 forms of
Performing the same operation on the generic form (2.8), we obtain 5 equations relating these double-traces to the desired coefficients. Inverting these equations, once and for all, we may then convert the integrand of any diagram into a 4th order polynomial in h, with coefficients that are scalar functions of v and the two loop momenta. For reliability, we checked our general result, for each two-loop diagram, against brute-force evaluation of 8 specific cases of Dirac matrix. The general one-loop diagram 1a, and its associated mass-counterterm contribution, were similarly reduced to quadratic functions of h.
All the resulting one-loop scalar integrals can be expressed in terms of
The two-loop integrals may be reduced to combinations of I 2 0 and two further terms:
where [18, 19] 
To achieve this reduction, we used the package RECURSOR [19] , written in REDUCE [20] to implement recurrence relations derived from integration by parts [11, 12] .
So as to have a strong check, we performed the calculation in an arbitrary covariant gauge, verifying that the sum of all diagrams for the on-shell vertex, including the mass counterterm, is gauge invariant in d dimensions. The result can be written as
in terms of 4 colour factors, 3 integral structures, and 4 current-specific functions. The colour factors are chosen as follows:
, from the heavy-quark loop. The integrals
14)
, are chosen to make the coefficients a jik polynomials in d. All dependence on Γ resides in
. Only diagrams 1f and 1i have sufficient γ-matrices on each side of the vertex to generate h 3 and h 4 terms, and we find that each diagram produces the combination h 3 , for each integral structure. Moreover, the integral J 2 arises only from diagram 1j, with colour factor C 0 , or from the heavy-quark loop in diagram 1b, with colour factor C 3 . Thus several of the 48 coefficients a jik vanish. The 28 that survive are listed in Appendix B.
We complete the calculation by including the effect of non-zero light-quark masses. The difference of diagram 1b, with a quark of mass m i in the loop, and the same diagram with a massless quark, contains neither ultraviolet nor infrared divergences. Therefore we calculate it in 4 dimensions, obtaining a further term, to be added to (2.13), of the form
where the sum runs over light flavours only, and ∆ Γ can be reduced to the integrals (A.2), as follows: 
Results
We re-express the bare QCD vertex (2.13) in terms of the MS coupling, α s (µ), using one-loop coupling-constant renormalization, with N f = N l + 1 flavours, and expand the result as a Laurent series in ε. Using Z os Q from [12] ,Γ 0 = Γ B ,Z J (µ) from (2.1), and Z os Q from (2.4), we obtain the generic QCD current renormalization constant, Z J (µ), by requiring the finiteness of (1.4). The corresponding anomalous dimension is that of the QCD current J(µ) =qγ [µ 1 . . . γ µn] q, which does not depend upon whether the quarks are heavy or light. We find that
with a check being provided by the absence of the signature η, which merely distinguishes different components of J. We reproduce the known result for the scalar current [21] , with n = 0, and, of course, obtain a vanishing result for the vector current, with n = 1. The two-loop anomalous dimension of the n = 2 current,qσ µν q, appears to be absent from the literature, though it could be derived by straightforward calculation in massless QCD. Instead, we have obtained
as a by-product of a more difficult massive on-shell calculation. The currents with n = 3 and n = 4 are non-singlet axial and pseudoscalar currents, with the 't Hooft-Veltman γ 5 , whose anomalous dimensions are known to differ, at two loops [22, 23] and beyond [23, 24] , from those with the naively anticommuting γ 5 , with n = 1 and n = 0, respectively. This difference is apparent in the final term of (2.17), which lacks invariance under n → 4 − n.
Our results for n = 3 and n = 4 agree with [22] and [23] , respectively.
Finally we arrive at the general expression for the two-loop matching coefficient 19) where the sum now includes the heavy flavour, with m i = m. The one-loop term coincides with [1] . The coefficients in the two-loop term are
The mass correction ∆ J (r) = ∆ Γ (r) + ∆ Z (r) depends only on h| ε=0 = η(n − 2), because (2.6) and (2.16) result from finite, 4-dimensional integrals. Its general form is
The heavy-flavour contribution, with m i = m, is proportional to a f + ∆ J (1), where
is always opposite in sign to a f and close to it in magnitude, resulting in a heavy-flavour contribution that is always small, in comparison with that from a light flavour. There are 8 distinct matrices, Γ, in 4-dimensional space-time: antisymmetrized products of up to 3 spatial γ-matrices, and the same products multiplied by γ 0 . For each current, we obtain a matching coefficient C Γ (m), by choosing appropriate values of n and η in the formulae (2.19) to (2.22) . With N l zero-mass quarks, and QCD colour factors, we obtain the numerical values of Table 1 , two of which coincide (for reasons explained in the next section). Typical matrices Γ are presented in the first column; C Γ (m) is, of course, the same for other spatial components. Coefficients of (α s /π) 2 in the two-loop corrections are written as sums of three terms: the quenched contribution, without quark loops; the light-quark loop contribution; and the heavy-quark loop contribution. One can see that the quenched contribution is usually of order 10; each light flavour gives a contribution of order 1, with the opposite sign; and the external flavour contributes of order 0.1. In most cases, the two-loop correction has the same sign as the one-loop correction.
Ratios of matching coefficients
First we consider ratios that reflect differences in γ 5 prescriptions. Then we analyze ratios of meson matrix elements.
't Hooft-Veltman versus anticommuting
which makes multi-loop calculation rather time-consuming, even when implemented covariantly, using antisymmetrized products [23, 24, 25, 26] . However, there is also a general belief that one may use a naively anticommuting matrix, γ does not change h in (1.2), and hence cannot change the matching coefficients. Therefore ratios of matching coefficients with n and 4 − n antisymmetrized γ-matrices express differences between using the different γ 5 prescriptions.
HQET matrix elements do not depend on the γ 5 prescription. For example,
To prove this equality, consider the HQET operator-product expansion [27] for the correlator of two pseudoscalar currents. In every contributing diagram, the static-quark propagator between the two γ 5 -vertices has the γ-matrix structure (1 + γ 0 )/2, which is unaffected by gluon vertices. Since every sort of γ 5 -matrix anticommutes with γ 0 , we can move one γ 5 -matrix from its vertex and annihilate it with the other, leaving (1 − γ 0 )/2 on the heavy-quark line, independently of the prescription. Since the correlator is independent of the prescription, so is its spectral density, and in particular the ground-state contribution. Hence we arrive at (3.2).
In contrast to this, the QCD matrix elements do not coincide. We have already remarked that the MS-renormalized pseudoscalar currents, J HV (µ) = Z −1
, have anomalous dimensions that differ, at two loops and beyond. The currents are related to each other by a finite renormalization, J AC (µ) = Z P (µ)J HV (µ), whose term of order α L s may be found either by comparing renormalized matrix elements, at L loops, or more demandingly, by equating d log Z P /d log µ to the difference, γ J HV − γ J AC , of anomalous dimensions, at L + 1 loops. The consistency of these methods has been demonstrated, at L = 2, by evaluation of massless three-loop diagrams [23] , which yield
using either method, with a further O(α 3 s ) term determined solely by the first method. Consistency demands that this result be obtainable by comparing matrix elements with quarks of any mass and momenta, and in particular that
given the equality (3.2). Setting µ = m and using (2.19), we indeed verify (3.3). In particular, the two-loop finite-mass corrections (2.21) cancel in the ratio (3.4), as should occur in a result obtainable [23] from three-loop mass-independent anomalous dimensions.
Similarly, the MS-renormalized 't Hooft-Veltman and naively anticommuting nonsinglet axial currents are related by a finite renormalization, J AC µ (µ) = Z A (µ)J HV µ (µ), which has been computed at the one- [22] , two- [25] , and three-loop [23, 24] levels. We are informed by S. A. Larin that the discrepancy between [23, 24] and [25] at two loops is attributable to the use of the so-called G-scheme in [25] . The MS result is [23, 24] 
which we verified by calculation of two ratios
. 
which proves both that Z T (µ) = 1 and that C γ 0 γ 1 (m) = C γ 2 γ 3 (m), as found from (2.19). It is easy to see how this equality comes about, purely within our calculation of matching coefficients. With n = 2, we have h = ηε, so that the only possible origin of a difference between C γ 0 γ 1 (µ) and C γ 2 γ 3 (µ) would be a term h/ε in Γ 0 . Such a term would give an η-dependent QCD anomalous dimension, for n = 2, and hence cannot occur.
Ratios of meson matrix elements
After eliminating the currents containing the 't Hooft-Veltman γ 5 , we are left with 4 essentially different currents. In this subsection, we discuss the ground-state-meson matrix elements:
[γ µ , γ ν ], and we use, from now on, the naively anticommuting γ 5 that is appropriate to matrix elements of non-singlet weak currents. The corresponding HQET quantities coincide:f P B =f B =f B * =f T B * , as consequences of the heavy-quark symmetry. Hence, ratios of QCD matrix elements are equal to ratios of matching coefficients. These ratios do not depend on the unknown three-loop HQET anomalous dimension. Similar formulae hold for P-wave 0 + , 1 + mesons, if one inserts an extra γ 5 into all currents.
It follows from the equations of motion that
where m(µ) is the MS running heavy-quark mass. To leading order in 1/m, we may replace m B by the on-shell mass m, obtaining
where the final numerical result shows, as in Table 1 , the contributions of: the quenched term; N l massless-quark loops; and the heavy-quark loop. We confirm the analytical result of [11] , in the case of N l = N f − 1 massless quarks, and correct the omission of a factor C F = 4/3 from the numerically much smaller effects of finite light-quark masses in Equation (17) of [11] .
Our most important result is for the ratio of two observable matrix elements: 11) which is independent of the renormalization scale. At leading order in 1/m, we obtain
Note that this is numerically very close to (m(m)/m) 1/2 , as can be seen from (3.10).
At any finite order of perturbation theory, the ratio (3.12) is determined by a combination of loop integrals that contains neither infrared nor ultraviolet divergences. Therefore all loop momenta are of order m. In order to demonstrate the absence of infrared sensitivity (which may sometimes be overlooked in dimensional regularization) we repeated the one-loop calculation with a gluon mass, λ, finding that the only effect is to multiply the O(α s ) term in (3.12) by
In general, we find that all ratios of matching coefficients are infrared-safe, though those involving QCD currents with anomalous dimensions clearly require ultraviolet regularization.
We now demonstrate that the existence of a very heavy flavour, such as top, has no effect on the observable ratio f B * /f B . To prove this decoupling theorem, we rewrite (3.12) as
where A is a constant, specifying the quenched term in (3.12), and we have transformed the MS coupling to an arbitrary scale µ, using the one-loop N f -flavour β-function. The explicit µ-dependence in (3.14) at O(α 2 s ) is cancelled by the implicit dependence at O(α s ). Now, suppose that we take account of the existence of a super-heavy quark, with mass m h ≫ m. The effect is merely to replace N f by N f + 1 in (3.14), where
(m h ), and
includes the loop-effect of the super-heavy quark in diagram 1b. Referring to (A.5), we find that ∆ 2 (r) − 2∆ 3 (r) = log r + 19 12 + O(r −2 log r), for r = m h /m ≫ 1. Hence the terms in braces in (3.15) and (3.16) cancel, at any scale µ. This also demonstrates that one must match the MS couplings at µ = m h , as in (3.15) , and not at, say, µ = 2m h . Interestingly, the external heavy flavour is also numerically unimportant. Its contribution to (3.12), relative to that of a massless quark, is suppressed by a factor 1 − 12 19
Comparable suppressions occur in all our results.
Turning to the numerical significance of our two-loop result, we substitute N l = 4 in (3.12), and add the 1/m correction of [13, 14] , obtaining [28] , evolved down to m b using the three-loop formula, gives α s (m b ) = 0.215 ± 0.018. Therefore the one-loop correction is −(4.6 ± 0.4)%, and the two-loop term is comparable to it: −(3.1 ± 0.5)%. Another way to state the slow convergence of the perturbation series is to say that the fastest-apparent-convergence scheme, with a vanishing two-loop correction in (3.14), would require one to evaluate α s (µ) at far too low a scale: µ = m b /13 = 370 MeV.
The chromomagnetic interaction matrix element G 2 (m b ) is not well known; sum-rule estimates range between G 2 (m b ) = −26 MeV [13] , and G 2 (m b ) = +21 MeV [14] , with large uncertainties. Including the meson residual energy,Λ, one obtains a 1/m correction of +(11 ± 3)%, from [13] , and +(4 ± 3 ± 2 ± 2)%, from [14] , whose three sources of uncertainty arise from: sum-rule fitting; an unknown two-loop anomalous dimension; and an uncertainty inΛ. Combining our two-loop radiative corrections with this range of 1/m effects, we arrive at f B * /f B = 1.00±0.04, with an uncertainty reflecting the difference between [13] and [14] . It is, however, quite unclear whether the perturbation series in α s is converging fast enough for us to neglect the unknown three-loop term.
For the last ratio,
we obtain
The one-loop term vanishes at µ = m, but will of course appear at any other µ. If one wants f T B * (µ) at a scale µ widely separated from m, one needs to use the QCD three-loop anomalous dimension of the currentqσ µν q, in conjunction with (3.20) . This anomalous dimension is not known at present, though it could be calculated using standard masslessquark methods.
Finally we note an intriguing pattern in the results (3.10), (3.12) and (3.20) : in each a reasonable estimate of the two-loop term is obtained by the simple device of replacing N l by N l − 33 2 in the easily computed light-quark-loop contributions. We call this device "naive non-abelianization", since it is based on the hope that results in the non-abelian theory may be estimated merely by replacing the leading term in the abelian large-N f β-function by its non-abelian counterpart. Comparing naively non-abelianized estimates with our exact two-loop coefficients, we find that, with N l = 4, the two-loop term in m/m(m) is overestimated by only 9% in (3.10), whilst in (3.12) one obtains an underestimate by 31%, and in (3.20) an overestimate by 27%. We thus see some merit in estimating radiative corrections by naive non-abelianization, in cases where a large-N f calculation is practicable, whilst an exact one is not. It is noteworthy that naive non-abelianization of the large-N f terms [26] in e + e − annihilation underestimates the three-loop terms in R by less than 6%, with 4 or 5 active quark flavours.
All-order results
We now apply the methods of [29, 30, 31] to study the matching coefficients, at all orders of perturbation theory, in a highly fictitious limit:
As in other recent studies [15, 16, 17] , the intention is to investigate so-called renormalon effects, associated with factorial growth of the coefficients of perturbation series [32] . Unfortunately, there is no gauge-invariant prescription that enables one to obtain all-order results in the asymptotically-free theory of interest; instead one merely studies a single chain of fermion loops, such as that which gives rise to the Landau pole in QED. The hope is that one may learn something about the non-abelian theory, by imagining that asymptotic freedom still holds with an infinite number of massless flavours. In practice, the analysis amounts to no more than changing the sign of N f in the large-N f methods of [29, 30, 31] .
Master formula
Following recent practice, we disguise the sleight-of-hand, by hiding the large-N f contribution to the β-function in a (fictitiously) positive value of β 0 = 1 3
In other words, we imagine that β = −d log α s /d log µ = β 0 α s /2π + O(α 2 s ) remains finite and positive, so that the QCD behaviour β ∼ 1/ log(µ/Λ MS ) still holds at large µ.
In the matching coefficient we retain only the leading terms, of order 1/β 0 , in the limit β 0 → ∞, whilst retaining all powers of β ∼ 1/ log(µ/Λ MS ). As the heavy-quark loop is negligible, in comparison with loops from a large number of massless quarks, we immediately obtainΓ 0 = Γ B andZ 
. Hence the entire perturbation series may be written, formally, as follows
where F (ε, u) is regular at ε = u = 0, and is easily calculated, in terms of a massless one-loop integral, in the gluon proper self-energy, and two massive on-shell one-loop integrals, determining the contributions of Z os Q and Γ 0 . As in the case of deep-inelastic sum rules at large N f [26] , the computational burden is slight, in comparison with the analysis of F 32 hypergeometric functions in the two-loop integrals required for current correlators in QED [30] and HQET [15] . We find that
The first term in (4.3) derives from Z os Q ; the remaining terms, from Γ 0 , are quadratic in h = η(n − 2 + ε), since they result from an essentially one-loop calculation. The function (4.4) comes from the gluon self-energy.
We now follow the methods of [29, 30] , expanding F (ε, Lε) in powers of ε and Lε, and expanding [β/(2ε + β)] L in powers of β/2ε, to obtain a quadruple sum in (4.1). As shown in [29] , combinatoric identities relate 1/ε terms, and hence MS subtractions, to the Taylor coefficients of F (ε, 0). In the case of the matching coefficient (1.4), we simply obtaiñ
As shown in [30] , the finite terms receive contributions from the Taylor coefficients of F (ε, 0) and also from the Taylor coefficients of F (0, u). The former are scheme-dependent, and give a well-behaved series in β. The latter are scheme-independent, and give a series that is not Borel-summable. A formal statement of the result may be written very simply:
The function F (0, u) specifies the Borel transform of the scheme-independent contributions [15, 16] . Attempting to undo the Borel transform, via the notional Laplace transform of (4.6), one encounters singularities at u > 0, which are referred to as infrared renormalons [32] . They reflect the fact that at higher and higher orders in perturbation theory one is probing regions of smaller and smaller gluon momenta. The first infrared renormalon occurs at u = 1 2 , giving a singularity in the integral with a residue that is a multiple of exp(−1/β)µ/m ∼ Λ MS /m. Any attempt to sum the perturbation series involves an arbitrary choice of how to deal with this singularity. In general, a singularity at u = u 0 > 0 has a residue that is a multiple of (Λ MS /m) 2u 0 . Thus the perturbation series, taken to all orders, has ambiguities that are formally commensurate with the higher-dimension operators in the 1/m expansion (1.1).
The existence of such ambiguities is profoundly unsurprising. We see from (3.13) that the introduction of an infrared regulator, λ, such as a gluon mass, would modify the result of on-shell integrals at order λ/m. The infrared renormalon at u = 1 2 serves to remind one of this simple fact. The situation is in close analogy with the operatorproduct expansion of QCD current correlators, at large Q 2 = −q 2 , where the first infrared renormalon, at u = 2, leads to an ambiguity of order (Λ MS /Q) 4 , commensurate with the gluon-condensate contribution [32] . Thus one should not flinch at renormalons; they serve as healthy reminders that one has chosen to integrate over all gluon momenta, including the infrared region where non-perturbative effects are dominant. In fact, infrared renormalons have a positive virtue: the pattern of their residues must match the contributions of higher-dimension operators and thus provides consistency checks on the form of the 1/m expansion of HQET, or the 1/Q 2 expansion of massless QCD. Since we have not taken the (inordinate) trouble of using an infrared regulator, the factorization of shortand long-distance physics into coefficients and operators is intrinsically ambiguous; each resummation prescription corresponds to a different set of values for the operator matrix elements. Nature, however, is not as slip-shod as we; she takes care to ensure that physical quantities are independent of the exigencies of our calculations.
Hence we see, from (4.5) and (4.6) , that the simple multinomial (4.3) furnishes detailed information about anomalous dimensions, through its ε-dependence, and about renormalon singularities, through its u-dependence. Moreover, it does so for all current matchings, with n specifying the QCD current and η = ±1 the specific components that are matched to HQET currents. We now unpack some of this wealth of information.
Anomalous dimensions
Since we know that γ J vanishes at n = 1, we can obtain both γ J andγ J from (4.5):
at order 1/β 0 . For the QCD currents, we verify the n = 0 result of [29] , and the n = 3 analysis of [26] . The n = 2 and n = 4 results, as well as that forγ J , are, we believe, new. It is rather intriguing thatγ J − 1 2 γvanishes at O(1/β 0 ), thereby continuing, at all orders, a trend already apparent in the simple N f -independent two-loop formula given for this combination in [9] . A consequence of the all-order result is that the coefficient of the light-quark condensate, in the operator-product expansion of the HQET current correlator, is scale-independent, at leading order in 1/β 0 . This is confirmed, at two loops, by [27] . The all-order result may be somewhat accidental, since all large-N f anomalous dimensions are fairly simply related. For example, we find, by similar methods, that the QCD field, q, and the HQET field,Q, have the following large-N f off-shell anomalous dimensions:
at order 1/β 0 . The dependence on the gauge parameter, a, is limited to the one-loop level. In the Landau gauge, with a = 0, the light-quark result agrees with [33] and the heavy-quark result with [15] . Impressively, all the O(1/β 2 0 ) terms in the anomalous dimension of the electron field were obtained in the QED analysis of [33] .
We have a strong check of (4.8). The HQET current anomalous dimension is One easily obtains the perturbative expansions of (4.7) and (4.8), from the ε-expansion 
which reproduces the large-N f features of all existing two-and three-loop calculations, and provides checks for future perturbative calculations. It is notable that ζ(4), which is conspicuously absent from three-and four-loop QCD results, is bound to occur at higher orders. Whilst the perturbative expansion (4.10) is valid only for |ε| < 1 2 , corresponding to |β| < 1, one can see from the singularities of the Euler-Beta functions in (4.10) that in fact no singularity is encountered for d > −1. Hence the anomalous dimensions are well defined for β > −5, and summation of the large-N f perturbation series results in an extension of the domain of convergence.
Renormalon ambiguities and their cancellation
In stark contrast to the first integral in (4.6), which exists for all β > −5, the second contains infrared renormalons, for all β > 0. If one arbitrarily chose to evaluate it by principal-value integration, one would differ, at order Λ MS /m, with someone who chose to add some (presumably real) multiple of the residue at u = . A solution would be to absorb this disagreement into different values adopted for the other terms that occur at O(1/m) in (1.1).
The 1/m corrections to the ground-state meson matrix elements were calculated in [13] for the currents with n = 1. We performed the corresponding calculation for an arbitrary Γ, obtaining a general result in terms of h| ε=0 = η(n − 2): Viewed from the standpoint of HQET, the residual-energy term,Λ = m B − m b + O(1/m b ), and the matrix elements, G 1,2 , suffer from ultraviolet-renormalon ambiguities [15] . HQET knows nothing about the pole mass, m b , since it deals only with residual energies. However, the HQET self-energy,Σ(ω), has a linear ultraviolet divergence, conventionally suppressed by dimensional regularization. If one were to use an ultraviolet momentum-space cut-off, it would be necessary to introduce a residual mass, into which this linear divergence could be absorbed. Moreover, G 1,2 are bound to acquire ultravioletrenormalon ambiguities, via mixing withΛ [17] . We now determine these by demanding that they cancel the infrared-renormalon ambiguities in (4.11).
Setting ε = 0 in the master result (4.2) and (4.3), we obtain
(4.12) Comparing the residue at u = 1 2 with that for the pole mass [15, 16] , we obtain the ambiguity of the matching coefficients due to the infrared renormalon at u = 1 2 , in terms of the pole-mass ambiguity, ∆m: 13) at any scale, µ. This ambiguity must be compensated in (4.11) by ultraviolet-renormalon ambiguities ∆G 1 and ∆G 2 [17] . Since (4.13) is quadratic in η(n − 2), we have 3 equations, with only 2 unknowns. They are indeed consistent, and yield
∆m . (4.14)
This result was obtained in [17] , where the matching coefficients of the η = ±1 components of the n = 1 current were considered. However, the 2 ambiguities (4.14) were obtained in [17] from only 2 equations, with no consistency check. We have one check resulting from one extra equation.
Finally, one might wonder what are the prospects of going to O(1/β 2 0 ), where the renormalon structure is presumably far less trivial, with the possibility of cuts appearing in the Borel transform, rather than mere poles. The prospects appear to be rather slim, since one would have to insert chains of light-quark loops into the gluon lines of the diagrams of Fig. 1 . Even worse, one would need to insert a loop into the three-gluon vertices. There is, however, one term that is clearly tractable: that obtained by replacing the one-fermion-loop boson self-energy of diagram 1b by self-energy terms with L loops, of which L − 2 are fermion loops. This was achieved in an O(1/N 2 f ) analysis of the muon anomaly [30] , where the large-L behaviour was obtained, by evaluating an integral of the Borel transform of the corresponding contributions to the Gell-Mann-Low function, also obtained in closed form in [30] . Recently, corresponding contributions to the HQET self-energy have been analyzed [34] , with a result identical to that in [30] .
Summary
Our principal result is formula (2.19), which matches QCD and HQET currents in (1.3) . It applies to all currents with a Dirac structure Γ = γ [µ 1 . . . γ µn] that anticommutes or commutes with γ 0 . The one-loop term agrees with [1] . The coefficients in (2.20) and (2.21) give our new two-loop term, for any gauge theory, current, and quark-mass ratios. To use the general result one sets n to the number of γ-matrices in Γ and uses η = +(−1)
n , or η = −(−1) n , according as whether Γ anticommutes or commutes with γ 0 . Multiplying Γ by a naively anticommuting γ 5 does not change the matching coefficient. Table 1 gives specific numerical results, ignoring small effects of light/heavy quark-mass ratios.
All-order results, of similar generality, were obtained from the master formula (4.2), which gives the O(1/β 0 ) terms in the matching coefficients (4.6) and the anomalous dimensions (4.7). Infrared-renormalon ambiguities in the matching coefficients are cancelled by the ultraviolet-renormalon ambiguities (4.14), derived in [17] without benefit of our consistency check.
We briefly note the following salient points.
9. All our two-loop corrections are distressingly large; fastest apparent convergence of f B * /f B would require evaluating α s at µ = 370 MeV.
10. Infrared safety of ratios of matching coefficients, at finite orders of perturbation theory, is exemplified by (3.13), which also exposes the infrared renormalon at u = 1 2 .
11. Decoupling of the t-quark loop from f B * /f B is explicitly demonstrated in (3.14).
12. The b-quark loop approximately decouples from f B * /f B , as shown by (3.17).
13. Naive non-abelianization of the massless-quark-loop contributions, by the process N l → N l − 33 2 , approximates our exact two-loop terms, in ratios of decay constants, at the 30% level, or better.
14. In the MS scheme, every large-N f series of the type (4.1) is formally resummed by (4.6), whose first integral gives the scale-dependence, whilst the second contains scheme-independent renormalon singularities.
15. Anomalous dimensions and renormalon residues, for any current, are encoded by the ε-and u-dependencies of the master multinomial (4.3).
16. The anomalous current dimensions (4.7) involve the universal [15, 26, 29, 30, 33] ε-expansion (4.10). produces the ambiguity (4.13), which is cancelled in (4.11) by ambiguities in the pole mass, m, and the matrix elements G 1,2 .
20. The inclusion of O(1/β 2 0 ) terms in all-order calculations will be very demanding, though some progress in the abelian case has been made in [30, 33, 34] .
In conclusion: we hope that our results will serve both to enable more accurate extraction of meson decay constants from lattice simulations and sum rules, and also to provide detailed testing grounds for perturbative and non-perturbative approximations based on large-N f expansions. http://arXiv.org/ps/hep-ph/9410240v2
